Inspired by the idea of Colding-Minicozzi in [CM1], we define (mean curvature flow) entropy for submanifolds in a general ambient manifold. In particular, this entropy is equivalent to area growth of a closed submanifold in a compact ambient manifold with non-negative Ricci curvature. Moreover, this entropy is monotone along the mean curvature flow in a compact manifold with non-negative sectional curvatures and parallel Ricci curvature. As an application, we show the partial regularity of the limit of mean curvature flow of surfaces in a three manifold with non-negative sectional curvatures and parallel Ricci curvature.
Introduction
The mean curvature flow entropy, firstly introduced by Colding-Minicozzi [CM1] to study mean curvature flow singularities in R N , is a very important quantity characterizing all the scales of a submanifold in R N . In this paper, we follow the idea of Colding-Minicozzi to define the entropy of submanifolds in a general ambient manifold.
Let us first recall the entropy defined by Colding-Minicozzi. For a m-dimensional submanifold M ⊂ R N , the entropy λ of M is defined by
The entropy is monotone along the mean curvature flow of submanifolds by Huisken's monotonicity formula, see [Hu] and [CM1] . Therefore is an important quantity in the study of mean curvature flow. It is known that
is just the heat kernel at a fixed time and one point in the Euclidean space R N . The entropy is the supremum among all the possible integrals of the heat kernel, with a dimensional correction constant. Inspired by Colding-Minicozzi' s definition, in a general n-dimensional ambient manifold N , we define the entropy of a m-dimensional submanifold M.
Date: December 20, 2019. Here H is the heat kernel on the manifold N .
The entropy will be used to study mean curvature flow in a compact manifold. In particular, we highlight the following theorem of the partial regularity of the limit of long-time mean curvature flow. Recall that a mean curvature flow M t is long time if it is defined for t ∈ [0, ∞).
Theorem 1.2 (Theorem 6.2). Let N be a compact 3-dimensional manifold with nonnegative sectional curvatures and parallel Ricci curvature. Suppose M t is a long time mean curvature flow of closed embedded surfaces in N , then there exists sequence t i → ∞ such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
In particular, Theorem 1.3. Let N be S 3 or T 3 . Suppose M t is a long time mean curvature flow of closed embedded surfaces in N , then there exists sequence t i → ∞ such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
Recall that a mean curvature flow M t is ancient if it is defined for t ∈ (−∞, 0). If we assume the entropy bound of an ancient mean curvature flow is finite, we obtain the following partial regularity of the backward limit of the flow.
Theorem 1.4 (Theorem 6.3). Let N be a compact 3-dimensional manifold with nonnegative sectional curvatures and parallel Ricci curvature. Suppose M t is an ancient mean curvature flow of closed embedded surfaces in N , and λ(M t ) < ∞. Then there exists sequence t i → −∞ such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
Since mean curvature flow is the gradient flow of area functional, it is believed that there would be a Morse theory based on the area functional which can be studied by mean curvature flow. Nevertheless, the singular behaviour of mean curvature flow is very complicated, hence this approach is far from well understood. Our main theorems show that if there is singularity appearing during the gradient flow of surfaces in a closed manifold with certain curvature assumptions, then a mean curvature flow of surfaces really connects two critical points (i.e. minimal surfaces) with partial regularity. This might serve as a step towards the understanding of mean curvature flow in a compact manifold.
The partial regularity follows Ilmanen. In [I] , Ilmanen proved the partial regularity of the tangent flow of mean curvature flow of closed embedded surfaces in R 3 . For the sake of completeness, we discuss the proof of Ilmanen and how to use it to prove our main theorem in Section 5.
1.1. Monotonicity. The monotonicity of entropy in a closed manifold relies a monotonicity formula proved by Hamilton in [H2] . Unlike the monotonicity formula of mean curvature flow in R N proved by Huisken in [Hu] , Hamilton's monotonicity require the ambient manifold has certain curvature assumption. Let N be a closed manifold and M t be a mean curvature flow in N . The monotonicity formula along M t requires that N has non-negative sectional curvatures and parallel Ricci curvature. In fact, in the computations to obtain monotonicity formula, one term has to be non-negative, and it is non-negative if a Harnack estimate holds. This Harnack estimate has also been studied by Hamilton in [H2] , and the curvature assumption is necessary.
In conclusion, we obtain the monotonicity of entropy along the mean curvature flow in a special family of closed manifolds.
Theorem 1.5. Suppose N has non-negative sectional curvatures and parallel Ricci curvatures. Let M t be a mean curvature flow in N . Then the entropy λ(M t ) is monotone non-increasing along the mean curvature flow.
In a general manifold, we still have an almost monotonicity formula of entropy. However when t → ∞, the entropy becomes unbounded, and we can not use it to study the limit behaviour of mean curvature flows. All these are discussed in Section 3.
1.2. Area growth. In this paper, we will use "area" to denote the m-dimensional Hausdorff measure of a m-dimensional submanifold, and "volume" to denote the n-dimensional Hausdorff measure of the n-dimensional ambient manifold. The following property is essential when we use entropy to study mean curvature flow in a closed manifold.
Theorem 1.6. Let N be a compact manifold with non-negative Ricci curvature. There exists a constant C only depending on the geometry of N such that the following inequality holds: for any m-dimensional submanifold Σ ⊂ N ,
Here B r (x) is the geodesic ball in N .
We call sup x∈N ,r>0
Area(Σ∩Br(x)) r m the area growth of a submanifold Σ. In other words, the area growth and the entropy of a submanifold bound each other in a Ricci non-negative closed manifold.
In the Euclidean space, this fact has been realized by . In the Euclidean space, it is known that the heat kernel is given by Gaussian distribution, and the entropy is the supremum of all the Gaussian integral of a submanifold, corrected by a dimensional constant. As a regularization of the characteristic function of a ball, Gaussian integral is very similar to the integral over a characteristic function of a ball. Therefore, together with a dimensional constant the entropy is equivalent to the area growth.
There are many studies about the heat kernel in a compact manifold. In [CY] , Cheeger-Yau studied the lower bound of the heat kernel on a closed manifold. Later in an influential paper [LY] by Li-Yau, a very precise upper bound and lower bound of heat kernel on a compact manifold with non-negative Ricci curvature have were developed. The heat kernel on a compact manifold with non-negative Ricci curvature is bounded by some Gaussian distribution from above and below. Therefore, the entropy on a compact manifold with non-negative Ricci curvature is also equivalent to the area growth. We show this in Section 4.
We want to mention that the relation between Perelman's entropy and the volume growth of Ricci flow has been studied in [Pe] by Perelman and in [Ni] by Ni.
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Entropy
Let us first recall some basic properties of the heat kernel in a Riemannian manifold, which could be compact or complete non-compact.
Theorem 2.1 ( [SY] , Section 3 Theorem 2.1). Let N be a complete Riemannian manifold. There exists heat kernel H(x, y, t) ∈ C ∞ (N × N × R + ) satisfying the following properties:
(
We define the backward heat kernel
Then ρ y,T satisfies the backward heat equation for t ∈ (−∞, T ). We follow Colding-Minicozzi's idea in [CM1] to define F -functional and entropy.
Definition 2.2. Let N be a n-dimensional manifold. Given (x, t) ∈ N × (R + ). Let Σ ⊂ N be a m-dimensional submanifold. Then we define
We define the entropy λ of Σ to be
Next let us discuss some basic properties of the entropy. If the ambient space is the Euclidean space R N , these properties have been studied by .
We will use λ N to denote the entropy of a submanifold in N if we want to specify the ambient space N .
Proof. This is an easy consequence of the fact that on a product manifold, the heat kernel satisfies the product property: suppose x, y ∈ N ,
Proposition 2.4 (Group action invariance). Suppose G is an isometric group action on N , then
Proof. This is an easy consequence that the entropy is the supremum among all F -functionals, and G induces a natural group action on the space of all F -functionals.
Monotonicity Formula
We first recall the monotonicity of mean curvature flow in a closed manifold by Hamilton [H2] . We say a function k is a backward solution to the heat equation on a manifold N if it solves the equation
Theorem 3.1 ([H2], Theorem B). Let M t be a m-dimensional mean curvature flow in a n-dimensional closed manifold N , defined on 0 ≤ t < T and if k is any positive backward solution to the scalar hear equation on N with N k = 1. Then the quantity
Mt k is monotone decreasing in t when N is Ricci parallel with non-negative sectional curvatures. On a general N we have
is the initial area at time 0 and C is a constant depending only on the geometry of N .
Remark 3.2. The curvature condition is used in the computation of the monotonicity formula. Actually we have
where Q is the Harnack form
Here α, β, · · · are local coordinate chart on M t . Hamilton proved that Q ≥ 0 if N has non-negative sectional curvatures and parallel Ricci curvatures, see [H1] . The general case follows from a weak version of the Harnack inequality.
Then by adapting Hamilton's monotonicity formula, we obtain the following monotonicity of F -functional and entropy.
Theorem 3.3. Suppose N has non-negative sectional curvatures and parallel Ricci curvatures. Let M t be a mean curvature flow in N . Then for any x ∈ N , t 1 ≤ t 2 , we have
if the terms in the inequality are well-defined. Taking supremum among x ∈ N and s ∈ R + gives the monotonicity of entropy
Note that if the ambient manifold is R n , then the above monotonicity formula is just the famous monotonicity formula by Huisken, see [Hu] and [CM1] .
We also have the following monotonicity formula in a general closed manifold.
Theorem 3.4. Let N be a closed manifold, and let M t be a mean curvature flow in N .
if the terms in the inequality are well-defined. Taking supremum among x ∈ N and s ∈ R + gives
So far we obtain some nice monotonicity formula of the entropy. However, if entropy of a closed embedded submanifold is infinite, then the monotonicity is meaningless. We will prove in the next section that the entropy of a closed embedded submanifold in a compact Ricci non-negative manifold is always finite. See Proposition 4.8.
Area Growth
The goal of this section is to show that the entropy can bound the area growth of a submanifold. In particular, together with monotonicity of entropy, we obtain an uniformly area growth bound for mean curvature flow. 
The main theorem of this section is the following:
Theorem 4.2. Let N be a compact manifold with non-negative Ricci curvature. There exists a constant C only depending on the geometry of N such that the following inequality holds: for any m-dimensional submanifold Σ ⊂ N ,
Theorem 4.2 illustrates the fact that the entropy characterizes all scales of a submanifold. Before we prove Theorem 4.2, let us recall lower bound of the heat kernel on a manifold with non-negative Ricci curvature. Recall that we use V x (r) to denote the volume of the geodesic ball B r (x), and we use r d to denote the distance function on N . H
.
For any ǫ ∈ (0, 1),
Proof of Theorem 4.2. On one hand, given x ∈ N , r > 0, we have (4.4)
Here C varies line to line, but only depends on the geometry of N . In the first inequality, we use lower bound of the heat kernel; in the second inequality, we use Bishop-Gromov volume comparison inequality for a manifold with non-negative Ricci curvature; in the third inequality, we restricted the integral on Σ ∩ B r (x) and r d ≤ r on this domain. By taking supremum of x ∈ N and r > 0 we get that the area growth is bounded above by entropy.
Next we show that the entropy is bounded by the area growth. Given x ∈ N , r > 0. Let r in be the injective radius of N , D be the diameter of N , and nK > 0 be a Ricci curvature upper bound of N . Then for any s ≤ r in /2, the converse of Bishop-Gromov inequality (See for instance, [P, Section 6.4 & Section 7] ) shows that Vol(B s (y)) ≥ Vol(B K s ) ≥ Cs n . Here B K s is a ball in space form with constant curvature K. Therefore, we have the heat kernel upper bound by taking ǫ = 1/2 (note 4 + 1/2 ≤ 5):
5r 2 , r < r in /2;
5r 2 , r ≥ r in /2. We have two cases.
Here C varies line to line, but only depends on the geometry of N . In particular, it depends on D and r in . So F x,r 2 is bounded by the area growth.
Case 2. If r < r in /2, let us pick a family of balls B = {B r (x 1 ), · · · , B r (x l )} satisfies the following properties:
For the sake of simplicity, we will use B i to denote the ball B r/2 (x i ), and we will use 2B i to denote the ball B r (x i ). Let us use A k to denote the annulus A k = {y ∈ N : kr ≤ d x,y ≤ (k + 1)r.} By Bishop-Gromov inequality, Vol(A k ) ≤ Ck n−1 r n , where n only depends on the dimension n. Note 2r < r in , which implies that we can use the converse of Bishop-Gromov inequality, i.e. Vol 2B i ≥ Cr n . Therefore, A k is covered by at most Ck n−1 number of 2B i . We will use 2B k j to denote the balls ∈ B covering A k . Then we can estimate (4.7)
Again C varies line to line but only depends on the geometry of N . In the first inequality we use the upper bound of the heat kernel and note r < r in /2, see (4.5). Note the following fundamental inequality: for a ≥ 0, (a + b)
Then we can estimate
(4.8)
Again C varies line to line but only depends on the geometry of N . In the first inequality, we use the fundamental inequality (⋆); in the third inequality we use the bound on the number of balls covering A k , and note r d (x, x i ) ≥ k(r − 1), and we use (⋆) again. Thus, we have
when r < r in /2. Combining two cases and taking supremum among x ∈ N , r > 0 gives
Together with the monotonicity formula, Theorem 4.2 gives the following area growth bound of mean curvature flows. For a general closed manifold, we can still get an area growth bound, but it will depending on the time that the mean curvature flow continue. Area
Remark 4.6. In order to apply the monotonicity formula of entropy to get the area growth bound, we need the manifold to have non-negative sectional curvatures, hence we have proved Theorem 4.2 only for closed manifold with non-negative Ricci curvature. Nevertheless, Theorem 4.2 should hold true for much larger class of manifolds. In fact, we only use the heat kernel bound (Theorem 4.3) to get the area growth bound. The heat kernel bound actually holds for more general manifolds. This is a large field and we only refer the readers to some nice surveys on this topic, see [G] , [S] .
Remark 4.7. It is hard to imagine that Corollary 4.4 can only hold for manifolds with such a curvature constraint. We conjecture that the area growth of a mean curvature flow should be bounded by the initial data in a much larger class of manifolds.
Let us conclude this section by showing that the entropy of a closed embedded submanifold in a compact non-negative Ricci manifold N is finite.
Proposition 4.8. Suppose N is a compact manifold with non-negative Ricci curvature. Let Σ be a closed embedded submanifold in N . Then λ(Σ) < +∞.
Proof. By Theorem 4.2, we only need to show the area growth of Σ is finite. Since Σ is compact, it has bounded mean curvature. Moreover, if N is isometrically embedded into R N , the mean curvature of Σ in R N is also bounded. Then a monotonicity of the area growth and a comparison of intrinsic and extrinsic balls gives the finiteness of the area growth bound of Σ (see [Si, Section 17] ).
Partial Regularity
Throughout this section, we will concentrate on the case that the submanifolds are closed embedded surfaces in a compact three manifold N . We follow the idea of Ilmanen in [I] . Let us first state an approximate graphical decomposition Lemma by Simon in [Si2] .
Theorem 5.1 ([Si2], Lemma 2.1; also see [I] , Theorem 10). For n ≥ 3, D > 0, there exists ǫ 1 = ǫ 1 (n, D) > 0 such that if ǫ < ǫ 1 and if M is a smoothly embedded closed 2-dimensional manifold in R n such that
where each D l is an embedded disk. Furthermore, for each D l there is a 2-plane L l ⊂ R n , a simply connected domain Ω l ⊂ L l , disjoint closed balls B l,p ⊂ Ω l , p = 1, · · · , p l and a function u l :
Intuitively, this theorem illustrates the following picture: imagine we have a surface in R n , intersecting a ball B R , with small total curvature and area growth bound. Then in a slightly smaller ball B S , it is the union of embedded disks D i . Moreover, besides some bad regions P j (which are called "pimples" by Simon), D i 's are very nice C 1,α graphs. In addition, the bad regions are still topological disks, and their diameters are bounded.
Theorem 5.1 is stated for surfaces in an Euclidean space rather than a compact manifold. In order to use this theorem, we first isometrically embed N into an Euclidean space R N . From now on we will fix such an isometric embedding, and we will use B N r (x) to denote the ball with radius r in R N . The following lemma allows us to compare the area growth bound of a surface in N to the area growth bound in R N .
Lemma 5.2. There exists τ > 0 such that for any x ∈ N and r < τ , (B N r (x) ∩ N ) ⊂ B 2r (x). Proof. Since N is compact, its second fundamental forms are uniformly bounded in R N . Then there exists τ > 0 and α > 0, C > 0 such that at each point x ∈ N , N is a smooth graph over its tangent space T x N ⊂ R N in a ball of radius τ , and the C 1,α norm of the graph is bounded by C. Then by suitably choose smaller τ , we will see that such a τ satisfies the statement in the lemma. Use Lemma 5.2 we obtain an area bound of the disks in Simon's Theorem 5.1. Next we recall Allard's regularity theorem.
Theorem 5.4 ( [A] , Section 8; also see [I] , Theorem 9). There exists ǫ 2 = ǫ 2 (n, k) and δ = δ(n, k) with the following significance. Suppose µ is an integer k-rectifiable Radon measure such that |H| ∈ L 1 loc (µ). If ǫ < ǫ 2 , 0 ∈ spt and r > 0 such that The following theorem is due to Ilmanen [I, Section 4] . The similar idea has been used by Choi-Schoen in [CS] to obtain the partial regularity of the limit of a sequence of minimal surfaces in a three manifold, cf. [W] , [CM2] . However, in [CS] , [W] and [CM2] , all the surfaces in the sequence satisfy an equation, hence they all have nice locally graphical bounds. In Ilmanen's theorem, there is no such a graphical bound, so one needs [Si2] to obtain a layer decomposition and an almost graphical bound on the limit. We sketch the proof for the sake of convenience of the readers.
Theorem 5.5. Let N be a closed manifold. Suppose M i ⊂ N is a family of closed smoothly embedded surfaces with uniformly bounded genus, and there is a constant D such that sup x∈N ,r>0
Then there exists a subsequence (still denoted by M i ) converging to a varifold V in the sense of varifold, and spt V is a smoothly embedded minimal surface.
Proof. Let us fix an isometric embedding of N into an Euclidean space R N , and we will use A N and H N to denote the mean curvature and the second fundamental forms of a surface in R N respectively. Since the genus of M i 's are uniformly bounded, Gauss-Bonnet theorem shows that M i |A| 2 dµ M i is uniformly bounded by a constant C. Gauss-Codazzi identity shows that M i |A N | 2 dµ M i is also uniformly bounded by a constant C. Define σ j = |A N | 2 H 2 ⌊M i , which is a Radon measure. Here H 2 is the 2-dimensional Hausdorff measure in R N . Then σ j has uniformly bound σ j (R N ) ≤ C, and a subsequence of σ j (still denoted by σ j ) converges to a limit σ by the compactness of Radon measure. Moreover σ(R N ) ≤ C. Define ǫ 0 = min{ǫ 1 , ǫ 2 } in Theorem 5.1 and Theorem 5.4. Then we define the concentration set S = {x ∈ R N : σ(x) > ǫ 0 }. Since σ(R N ) ≤ C, S is a finite set. For any p ∈ S, there exists ǫ < ǫ 0 and r sufficiently small so that
Then for k sufficiently large, σ j (B r (p)) < ǫ 2 . Then by Theorem 5.1, there are r k ∈ [r/4, r/2] and a decomposition of M k ∩ B r k (p) into the union of disks D k,l . Each D k,l is an embedded disk, and by Corollary 5.3 it satisfies the area growth bound
Then passing to a further subsequence (still denoted by the subscription k) we may assume that the limit of the number of the disks are bounded by l 0 , and H 2 ⌊D k,l converging to a limit ν l as varifolds for l = 1, · · · , l 0 by the compactness of varifolds. Moreover, by the mean curvature bounds of M k , ν l weakly solves the minimal surface equation in N . Then ν l satisfies the assumptions in Allard's regularity Theorem 5.4, and we can apply Allard's regularity Theorem to show that ν l ∩ B σr∞ (p) is a graph of C 1,α function u defined over a domain in a 2-plane. Furthermore, since ν l weakly solves the minimal surface equation, Schauder estimates shows that u is actually smooth.
In conclusion, we have proved that the limit varifold V of M k (after passing to a subsequence) is supported on a union of smoothly closed embedded disks in B σr∞ (p). Then the maximum principle of minimal surfaces shows that V is supported on a closed embedded minimal surface Σ, besides S. Then a removable of isolated singularities theorem by Gulliver [Gu] (also see [CS, Proposition 1] ) shows that V is supported on a closed embedded minimal surface Σ in N .
Applications to Mean Curvature Flow
In this section, we apply the partial regularity theorem in the previous section to mean curvature flow. Recall that a mean curvature flow is ancient if it is defined for t ∈ (−∞, 0), and a mean curvature flow is long time if it is defined for t ∈ (0, ∞). The simplest examples of ancient and long time mean curvature flow are minimal submanifolds, which are static solutions to mean curvature flow.
Ancient mean curvature flow and Long time mean curvature flow always has a weak limit as t → −∞ or t → ∞ respectively. Theorem 6.1. Suppose M t is an ancient mean curvature flow in a closed manifold N . If lim t→−∞ Area(M t ) < ∞, then there exists a sequence t i → −∞ and a stationary varifold V , such that M t i → V in the sense of varifolds.
Suppose M t is a long time mean curvature flow in a closed manifold N . Then there exists a sequence t i → ∞ and a stationary varifold V , such that M t i → V in the sense of varifolds.
Proof. By the first variational formula formula, the derivative of the area of M t satisfies the following identity
Hence we could pick a sequence of t i , converging to ±∞ if M t is long time or ancient respectively, such that Mt i |H| 2 dµ Mt i → 0 if Area(M t ) < +∞. Then the compactness of varifolds implies that M t i has a varifold limit V , which is stationary according to the mean curvature bound.
In general the regularity of the limit V is not known. Now we can apply the partial regularity Theorem 5.5 to obtain a partial regularity to the limit of mean curvature flow of surfaces in special 3-dimensional manifolds.
Theorem 6.2. Let N be a compact 3-dimensional manifold with non-negative sectional curvatures and parallel Ricci curvature. Suppose M t is a long time mean curvature flow of closed embedded surfaces in N , then there exists sequence t i → ∞ such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
Proof. Suppose λ(M 0 ) = λ 0 . Proposition 4.8 implies that λ 0 is finite. Monotonicity formula of entropy implies that λ(M t ) ≤ λ 0 , hence Theorem 4.2 implies that the area growth of M t is uniformly bounded (cf. Corollary 4.4). Monotonicity of area of M t implies that we could a sequence of t i such that Mt i |H| 2 dµ Mt i → 0. Then Theorem 5.5 implies that there is a subsequence of t i (still denoted by t i ) such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
Almost exactly the same proof shows a similar theorem for ancient mean curvature flow of surfaces. We omit the proof here. Theorem 6.3. Let N be a compact 3-dimensional manifold with non-negative sectional curvatures and parallel Ricci curvature. Suppose M t is an ancient mean curvature flow of closed embedded surfaces in N , and λ(M t ) < ∞. Then there exists sequence t i → −∞ such that M t i converges to a varifold V in the sense of varifolds, and spt V is a smoothly embedded minimal surface.
Some Questions
Let us conclude this paper by asking some questions.
Question 7.1. Can we obtain area growth bound for long time mean curvature flows in a closed manifold without the curvature assumptions?
If this is true, then we can still obtain the partial regularity of the long time limit of mean curvature flow of surfaces.
The gradient flow of Gaussian area in R N , which is known to be the rescaled mean curvature flow (see [Hu] , [CIMW, Section 2] ), has area growth as t → ∞. Of course it is not a mean curvature flow, but it has a closed relation to mean curvature flow, and the Gaussian measured space is far from the assumptions in Theorem 3.1. So we conjecture that there might be some weaker assumptions to ensure that a mean curvature flow has long time area growth bound. Otherwise, there exists a closed manifold such that the long time mean curvature flow would become "complicated" as time goes to infinity.
Question 7.2. Does the equivalence of the entropy and area growth still hold in other ambient manifolds?
It would also be interesting to know that whether the results in Section 4 are still valid for more general manifold. It seems plausible because there are many studies on heat kernel and there might be some useful properties of heat kernel which are out of our scope. Question 7.3. What is the multiplicity of the convergence of M t i to V in Theorem 6.2 and Theorem 6.3?
If the convergence has multiplicity 1, Brakke's regularity theorem implies that the convergence of M t i to V is actually smooth. Analogy to the study of the uniqueness of the tangent flow of mean curvature flow in [Sch] , [CM3] and [CSch] , the uniqueness of the limit may be true as well.
This conjecture is inspired by the famous multiplicity 1 conjecture by Ilmanen in [I] . In the rescaled mean curvature flow case, Ilmanen conjecture that the multiplicity 1 of the tangent flow is always 1. This conjecture is still open.
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